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Abstract
Many basic properties in Tutte’s flow theory for unsigned graphs do not have their counter-
parts for signed graphs. However, signed graphs without long barbells in many ways behave like
unsigned graphs from the point view of flows. In this paper, we study whether some basic prop-
erties in Tutte’s flow theory remain valid for this family of signed graphs. Specifically let (G, σ)
be a flow-admissible signed graph without long barbells. We show that it admits a nowhere-zero
6-flow and that it admits a nowhere-zero modulo k-flow if and only if it admits a nowhere-zero
integer k-flow for each integer k ≥ 3 and k 6= 4. We also show that each nowhere-zero positive
integer k-flow of (G, σ) can be expressed as the sum of some 2-flows. For general graphs, we
show that every nowhere-zero p
q
-flow can be normalized in such a way, that each flow value is
a multiple of 1
2q
. As a consequence we prove the equality of the integer flow number and the
ceiling of the circular flow number for flow-admissible signed graphs without long barbells.
1 Introduction
Many basic properties in Tutte’s flow theory for unsigned graphs do not have their counterparts for
signed graphs. For instance Tutte’s 5-flow conjecture [20] states that every flow-admissible unsigned
graph has a nowhere-zero 5-flow. The best approximation so far is that every flow-admissible un-
signed graph has a nowhere-zero 6-flow [16]. Flow-admissible signed graphs which do not admit a
nowhere-zero 5-flow are known. Therefore, the 5-flow conjecture is not true for signed graphs in gen-
eral. But a 6-flow theorem might be true for flow-admissible signed graphs as conjectured by Bouchet
[1]. This conjecture is verified for several classes of signed graphs (see e.g. [5, 6, 8, 11, 14, 15, 21]).
It is well known that cycles are fundamental elements in flow theory since it is the support of
2-flows. For unsigned graphs, every element in the cycle space is the support of a 2-flow. However,
some element (long barbells) in the cycle space of a signed graph is the support of a 3-flow but not a
2-flow. Therefore, we may expect signed graphs without long barbells to inherit some nice properties
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Figure 1: A signed Petersen graph admits a nowhere-zero 6-flow, but no nowhere-zero 5-flow.
Positive edges are solid and negative edges are dashed.
from unsigned graphs, which naturally motivates the question whether signed graphs without long
barbells have almost similar properties as unsigned graphs in Tutte’s flow theory. Unfortunately,
the answer is no. For example, the unsigned Petersen graph admits a nowhere-zero 5-flow, while the
signed Petersen graph of Figure 1, which has no long barbells, admits a nowhere-zero 6-flow but no
nowhere-zero 5-flow.
Khelladi verified Bouchet’s 6-flow conjecture for flow-admissible 3-edge-connected signed graphs
without long barbells.
Theorem 1.1. (Khelladi [6]) Let (G, σ) be a flow-admissible 3-edge-connected signed graph. If (G, σ)
contains no long barbells, then it admits a nowhere-zero 6-flow.
Lu et al. [8] also showed that every flow-admissible cubic signed graph without long barbells
admits a nowhere-zero 6-flow. In Section 3 we will verify Bouchet’s 6-flow conjecture for the family
of signed graphs without long barbells. We further study the relation between modulo flows and
integer flows on signed graphs. The equivalency of modulo flow and integer flow is a fundamental
result in the theory of flows on unsigned graphs.
Theorem 1.2. (Tutte [19], or see Younger [23]) An unsigned graph admits a nowhere-zero modulo
k-flow if and only if it admits a nowhere-zero k-flow.
Almost all landmark results in flow theory, such as, the 4-flow and 8-flow theorems by Jaeger
[4], the 6-flow theorem by Seymour [16], the 3-flow theorems by Thomassen [18] and by Lova´sz et
al. [9], are proved for modulo flows.
However, there is no equivalent result in regard to Theorem 1.2 for signed graphs in general.
Bouchet [1] proved for signed graphs that the admission of a modulo k-flow implies the admission
of a 2k-flow, which is a well known result of this kind.
We will prove an analog of Theorem 1.2 for the family of signed graphs without long barbells. We
show that the admittance of a nowhere-zero modulo k-flow and a nowhere-zero k-flow are equivalent
for k = 3 or k ≥ 5.
In Section 4 we study the decomposition of flows. For unsigned graphs, a positive k-flow can be
expressed as the sum of some 2-flows.
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Theorem 1.3. (Little, Tutte and Younger [7]) Let G be an unsigned graph and (τ, f) be a positive
k-flow of G. Then
(τ, f) =
k−1∑
i=1
(τ, fi),
where each (τ, fi) is a non-negative 2-flow.
We extend Theorem 1.3 to the class of signed graphs without long barbells.
The paper closes with the study of circular flows in Section 5. For an unsigned graph G, Goddyn
et al. [2] showed Φi(G) = dΦc(G)e. Raspaud and Zhu [13] conjectured this to be true for a signed
graph (G, σ) as well, and they proved that Φi(G, σ) ≤ 2dΦc(G, σ)e−1. The conjecture was disproved
in [15] by constructing a family of signed graphs where the supremum of Φi(G, σ) − Φc(G, σ) is 2
(see one member of the family depicted in Figure 5). This result was further improved in [12]
by showing that the supremum of Φi(G, σ) − Φc(G, σ) is 3 which is best possible. We show that
Φi(G, σ) = dΦc(G, σ)e for a signed graph (G, σ) without long barbells and verify the conjecture of
Raspaud and Zhu for this family of signed graphs. The result is a consequence of a normalization
theorem for signed graphs which states that every nowhere-zero pq -flow on a signed graph can be
normalized in such a way, that each flow value is a multiple of 12q . For unsigned graphs it is known
that every nowhere-zero pq -flow on a signed graph can be normalized in such a way, that each flow
value is a multiple of 1q [17]. We show that this is also true for signed graphs without long barbells.
2 Notations and Terminology
Let G be a graph. For S ⊆ V (G), the set V (G)−S is denoted by Sc. For U1, U2 ⊆ V (G), the set of
edges with one end in U1 and the other in U2 is denoted by δG(U1, U2). For convenience, we write
δG(U1, U
c
1 ) for δG(U1) and δG({v}) for δG(v). The degree of v is dG(v) = |δG(v)|.
A signed graph (G, σ) consists of a graph G and a signature σ : E(G)→ {−1,+1} that partitions
the edges into negative and positive edges. The set EN (G, σ) denotes the set of all negative edges in
(G, σ). An unsigned graph can also be considered as a signed graph with the all-positive signature,
i.e. EN (G, σ) = ∅. A circuit (C, σ|E(C)), or shortly C, is a connected 2-regular subgraph of (G, σ).
A circuit C is balanced if |EN (C)| ≡ 0 (mod 2), and it is unbalanced otherwise. A signed graph is
balanced if it does not contain an unbalanced circuit and it is unbalanced otherwise. A signed circuit
is a signed graph of one of the following three types:
(1) a balanced circuit;
(2) a short barbell, the union of two unbalanced circuits that meet at a single vertex;
(3) a long barbell, the union of two disjoint unbalanced circuits with a path that meets the circuits
only at its ends.
Following Bouchet [1], we view an edge e = uv of a signed graph (G, σ) as two half-edges hue and
hve , one incident with u and one incident with v. Let HG(v) (abbreviated H(v)) be the set of all
half-edges incident with v, and H(G) be the set of all half-edges in (G, σ). An orientation of (G, σ)
is a mapping τ : H(G) → {−1,+1} such that for every e = uv ∈ E(G), τ(hue )τ(hve) = −σ(e). If
τ(hue ) = 1, then h
u
e is oriented away from u; if τ(h
u
e ) = −1, then hue is oriented toward u. Thus, based
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on the signature, a positive edge can be directed like or like and a negative edge
can be directed like or like . A signed graph (G, σ) together with an orientation
τ is called an oriented signed graph, denoted by (G, τ), with underlying signature στ .
Definition 2.1. Let (G, τ) be an oriented signed graph and f : E(G)→ R be a mapping. Let r ≥ 2
be a real number and k ≥ 2 be an integer.
(1) The boundary of (τ, f) is the mapping ∂(τ, f) : V (G)→ R defined as
∂(τ, f)(v) =
∑
h∈H(v)
τ(h)f(eh)
for each vertex v, where eh is the edge of (G, στ ) containing h.
(2) The support of f , denoted by supp(f), is the set of edges e with |f(e)| > 0.
(3) If ∂(τ, f) = 0, then (τ, f) is called a flow of (G, στ ). A flow (τ, f) is said to be nowhere-zero
of (G, στ ) if supp(f) = E(G).
(4) If 1 ≤ |f(e)| ≤ r − 1 for each e ∈ E(G), then the flow (τ, f) is called a circular r-flow of
(G, στ ).
(5) If f(e) ∈ Z and 1 ≤ |f(e)| ≤ k − 1 for each e ∈ E(G), then the flow (τ, f) is called a
nowhere-zero k-flow of (G, στ ).
(6) If ∂(τ, f) ≡ 0 (mod k) and f(e) ∈ Zk \ {0} for each e ∈ E(G), then the flow (τ, f) is called a
nowhere-zero modulo k-flow or a nowhere-zero Zk-flow of (G, στ ).
A signed graph is flow-admissible if it admits a nowhere-zero k-flow for some integer k. In a
signed graph, switching at a vertex u means reversing the signs of all edges incident with u. Two
signed graphs are equivalent if one can be obtained from the other by a sequence of switches. Then a
signed graph is balanced if and only if it is equivalent to a graph without negative edges. Note that
switching at a vertex does not change the parity of the number of negative edges in a circuit and
it does not change the flows either. Bouchet [1] gave a characterization for flow-admissible signed
graphs.
Proposition 2.2. (Bouchet [1]) A connected signed graph (G, σ) is flow-admissible if and only if it
is not equivalent to a signed graph with exactly one negative edge and has no cut-edge b such that
(G− b, σ|G−b) has a balanced component.
The following lemma is a direct consequence of Proposition 2.2 and the definition of long barbell.
Lemma 2.3. Let (G, σ) be a signed graph without long barbells. Then for each X ⊆ V (G), one of
(G[X], σ|E(G[X])) and (G[Xc], σ|E(G[Xc])) is balanced. Thus, if (G, σ) is flow-admissible, then (G, σ)
is bridgeless.
For a flow-admissible signed graph (G, σ), its circular flow number and integer flow number are
defined respectively by
Φc(G, σ) = inf{r : (G, σ) admits a circular r-flow},
Φi(G, σ) = min{k : (G, σ) admits a nowhere-zero k-flow}.
Raspaud and Zhu [13] showed that Φc(G, σ) is a rational number for any flow-admissible signed
graph (G, σ) and Φc(G, σ) = min{r : (G, σ) admits a circular r-flow}, just like for unsigned graphs.
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3 Integer flows and modulo flows
3.1 Integer flows
This subsection will extend Khelladi’s result (Theorem 1.1) to the class of all signed graphs without
long barbells. For the proof of our result we will need the following two results:
Theorem 3.1. (Seymour [16]) Every bridgeless unsigned graph admits a nowhere-zero 6-flow.
Lemma 3.2. (Lu, Luo and Zhang [8]) Let G be an unsigned graph with an orientation τ and
assume that G admits a nowhere-zero k-flow. If a vertex u of G has degree at most 3 and γ :
δG(u)→ {±1, . . . ,±(k− 1)} satisfies ∂(τ, γ)(u) = 0, then there is a nowhere-zero k-flow (τ, φ) of G
so that φ|δ(u) = γ.
Theorem 3.3. Let (G, σ) be a flow-admissible signed graph. If (G, σ) contains no long barbells,
then it admits a nowhere-zero 6-flow.
Proof. Suppose to the contrary that the statement is not true. Let (G, σ) be a counterexample with
|E(G)| minimum. We will deduce a contradiction to Theorem 1.1, by showing that G is 3-edge-
connected.
If G has vertices of degree two, then the graph G obtained by suppressing all vertices of degree
two remains flow-admissible and contains no long barbells. Thus by the minimality of G, G admits
a nowhere-zero 6-flow, so does G, a contradiction. Hence G contains no vertices of degree two. Since
(G, σ) is flow-admissible, it contains no vertices of degree one and thus the minimum degree of G is
at least three. Furthermore, by Lemma 2.3, (G, σ) is bridgeless since it contains no long barbells.
Suppose that (G, σ) has a 2-edge-cut, say {u1u2, w1w2}. Let (G1, σ|E(G1)) and (G2, σ|E(G2))
be the two components of G − {e1, e2} where e1 = u1u2 and e2 = w1w2 with ui, wi ∈ V (Gi) for
i = 1, 2. By Lemma 2.3 again, one of (G1, σ|E(G1)) and (G2, σ|E(G2)) is balanced. We may assume
that (G1, σ|E(G1)) is balanced. By switching, we may further assume that all edges in (G1, σ|E(G1))
are positive. Fix an arbitrary τ on H(G). Let G′1 be the unsigned graph obtained from (G, σ) by
contracting H(G2)∪ {hu2e1 , hw2e2 } into a vertex v1, and let (G′2, σ|E(G′2)) be the signed graph obtained
from (G, σ) by contracting H(G1) into a vertex v2. An illustration on G
′
1 and (G
′
2, σ|E(G′2)) is shown
in Figure 2.
u1 u2
w1 w2
G1 G2
G
⇒⇐
u1
w1
G1
G′1
v1 G2
G′2
u2
w3
v2
Figure 2: An illustration on how to construct G′1 and (G
′
2, σ|E(G′2)) from (G, σ).
From the definition of (G′2, σ|E(G′2)), we know that (G′2, σ|E(G′2)) is flow-admissible and contains
no long barbells. So (G′2, σ|E(G′2)) admits a nowhere-zero 6-flow (τ |H(G′2), f2) by the minimality of
(G, σ). Assign γ(v1u1) = f2(v2u2) and γ(v1w1) = f2(v2w2). Since G
′
1 is an unsigned graph, the
5
restriction of τ on H(G1)∪{hu1e1 , hw1e2 } can be considered as an orientation of G′1, denoted by τ1. Then
we have ∂(τ1, γ)(v1) = ∂(τ |H(G′2), f2)(v2) = 0. By Theorem 3.1 and Lemma 3.2, there is a nowhere-
zero 6-flow (τ1, f1) of G
′
1 such that f1|δG′1 (v1) = γ = f2|δG′2 (v2). Thus (τ1, f1) and (τ |H(G′2), f2) can
be combined to a nowhere-zero 6-flow of (G, σ), a contradiction. Therefore G is 3-edge-connected,
and thus Theorem 3.3 is true.
3.2 From modulo flows to integer flows
In flow theory, an integer flow and a modulo flow are different by their definitions, but they are
equivalent for unsigned graphs as shown by Tutte [20] (see Theorem 1.2). However, Tutte’s result
cannot be applied for signed graphs (see e.g. [22]). That is, there is a gap between modulo flows and
integer flows for signed graphs.
In this subsection, we will extend Tutte’s result and show that the equivalence between nowhere-
zero Zk-flows and nowhere-zero k-flows still holds for signed graphs without long barbells when k = 3
or k ≥ 5.
Theorem 3.4. Let (G, σ) be a signed graph without long barbells and let k be an integer with k = 3
or k ≥ 5. Then (G, σ) admits a nowhere-zero Zk-flow if and only if it admits a nowhere-zero k-flow.
The “if” part of Theorem 3.4 is trivial since every nowhere-zero k-flow is also a nowhere-zero
Zk-flow in a signed graph. For the “only if” part of Theorem 3.4, by Lemma 2.3, the case of k = 3 is
an immediate corollary of a result about Z3-flow in [22] and the case of k ≥ 6 follows from Theorem
3.3, and thus we only need to consider the case of k = 5, which is a corollary of the following stronger
result.
Theorem 3.5. Let k ≥ 3 be an odd integer and (G, σ) be a signed graph with a nowhere-zero Zk-flow
(τ, f1). If (G, σ) does not contain a long barbell, then there is a nowhere-zero k-flow (τ, f2) such that
f1(e) ≡ f2(e) (mod k).
In order to prove Theorem 3.5, we introduce some new concepts.
Definition 3.6. Let W = x0e1x1e2x2 . . . et−1xt−1etxt be a signed walk with an orientation τ .
(1) W is called a diwalk from x0 to xt if τ(h
x0
e1 ) = 1 and τ(h
vi
ei ) + τ(h
vi
ei+1) = 0 for each
i ∈ {1, . . . , t− 1}.
(2) The diwalk W from x0 to xt is positive if τ(h
xt
et ) = −1. Otherwise, it is negative.
(3) A diwalk is all-positive if all its edges are positive.
(4) A ditrail from x to y is a diwalk from x to y without repeated edges.
(5) A dipath from x to y is a diwalk from x to y without repeated vertices (see Figure 3).
x1 x2 x3 x4 x5
(a)
x5x4x3x2x1
(b)
e4e3e2e1e1 e2 e3 e4
Figure 3: (a) A positive dipath from x1 to x5; (b) A negative dipath from x1 to x5.
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Definition 3.7. An oriented signed graph is called a tadpole with tail end x (see Figure 4) if
(1) it consists of a ditrail C and a dipath P with V (C) ∩ V (P ) = {v1};
(2) P is a positive dipath from x to v1;
(3) C is a closed negative ditrail from v1 to v1.
x v1
P
C
Figure 4: A tadpole with tail end x.
Note that it is possible that x = v1 in the above definition. In this case, the tadpole is called a
tailless tadpole.
Definition 3.8. Let (G, τ) be an oriented signed graph and f : E(G)→ R.
(1) A vertex x is a source (resp., sink) of (τ, f) if ∂(τ, f)(x) > 0 (resp., ∂(τ, f)(x) < 0).
(2) An edge e is a source (resp., sink) of (τ, f) if the boundary at e, ∂(τ, f)(e) = −(τ(h1) +
τ(h2))f(e), is positive (resp., negative), where h1 and h2 are the two half-edges of e.
Note that an edge is a source or a sink if and only if it is negative. A sink is either a sink vertex
or a sink edge and a source is either a source vertex or a source edge.
Observation 3.9. Let (G, τ) be an oriented signed graph and f : E(G) → R. The total sum of
boundaries on V (G)∪E(G) is zero. In particular, if f is a flow, then the total sum of the boundaries
on E(G) is zero.
The following is a trivial fact in network theory.
Observation 3.10. Let (G, τ) be an oriented signed graph and f : E(G) → R+ ∪ {0}. For each
source x, there must exist a sink tx such that there is an all-positive dipath from x to tx.
Definition 3.11. Let (G, τ) be an oriented signed graph, E0 ⊆ E(G), and f : E(G) → Zk be a
mapping. The operation minusing of (τ, f) on E0 is done by reversing the directions of both half-
edges of e and changing f(e) to k − f(e) for every e ∈ E0. The resulting pair obtained from (τ, f)
is denoted by (τE˜0 , fE˜0).
We are ready to prove Theorem 3.5.
Proof of Theorem 3.5. Let (G0, σ0) be a counterexample and (τ0, f1) be a nowhere-zero Zk-flow
of (G0, σ0). We can choose a triple (G, τ, f) obtained from (G0, τ0, f1) by a sequence of switching
and minusing operations such that
(S1) 0 < f(e) < k for e ∈ E(G);
(S2) Subject to (S1), ∂(τ, f)(v) ≡ 0 (mod k) for v ∈ V (G);
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(S3) Subject to (S1) and (S2), η(τ, f) =
∑
v∈V (G) |∂(τ, f)(v)| is as small as possible;
(S4) Subject to (S1), (S2) and (S3), the number of source vertices of (τ, f) is as large as possible.
Let X be the set of source vertices of (τ, f).
Claim 1. X = {x ∈ V (G) : ∂(τ, f)(x) 6= 0)}. That is, there is no sink vertices in (τ, f).
Proof. Suppose to the contrary that there is a vertex v ∈ V (G) such that ∂(τ, f)(v) < 0. Let (G′, τ ′)
be the resulting oriented signed graph obtained from (G, τ) by switching at v and let X ′ = X ∪{v}.
Note that switching at v is done by reversing all directions of half-edges in HG(v). Thus (G
′, τ ′, f)
satisfies (S1)∼(S3) and X ′ is the set of source vertices of (τ ′, f). This contradicts (S4).
Claim 2. X 6= ∅.
Proof. Suppose X = ∅. Then (τ, f) is a nowhere-zero k-flow of the signed graph (G, σ). Since
(G, τ, f) is obtained from (G0, τ0, f1) by a sequence of switching and minusing operations, there are
V0 ⊆ V (G0), E0 ⊆ E(G0) and an orientation τ1 of (G, σ) such that (G, τ1) is obtained from (G0, τ0)
by switching on V0 and (τ, f) is obtained from (τ1, f1) by minusing on E0. Note that V (G) = V (G0)
and E(G) = E(G0). Let f
′ : E(G)→ Z be defined as follows,
f ′(e) =
{
f(e) if e /∈ E0;
−f(e) if e ∈ E0.
Since (τ, f) is a nowhere-zero k-flow of (G, σ) and is obtained from (τ1, f1) by minusing on E0, (τ1, f
′)
is also a nowhere-zero k-flow of (G, σ) and satisfies f ′(e) ≡ f1(e) (mod k) for every e ∈ E(G). Thus
(τ0, f
′) is a desired nowhere-zero k-flow of (G0, σ|E(G0)) since (G, τ1) is obtained from (G0, τ0) by
switching on V0. This contradicts that (G0, σ|E(G0)) is a counterexample.
By (S2), every vertex x in X satisfies
∂(τ, f)(x) = µk
for some positive integer µ.
Claim 3. There is no negative ditrail of (G, τ) between two distinct vertices in X.
Proof. Suppose to the contrary that X contains two distinct vertices x1 and x2 such that there exists
a negative ditrail P from x1 to x2 in (G, τ). By the definition of negative ditrails (see Definition 3.6)
and by Definition 3.11, it is not difficult to check that
η(τ
E˜(P )
, f
E˜(P )
) =
2∑
i=1
(∂(τ, f)(xi)− k) +
∑
v∈V (G)\{x1,x2}
∂(τ, f)(v) = η(τ, f)− 2k.
This contradicts (S3).
Pick an arbitrary vertex x from X by Claim 2 and let
Y +x = {y ∈ V (G) : (G, τ) contains a positive dipath from x to y},
Y −x = {y ∈ V (G) \ Y +x : (G, τ) contains a negative dipath from x to y}, and
Yx = Y
+
x ∪ Y −x .
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By Claim 3, Y −x ∩X = ∅, so ∂(τ, f)(y) = 0 for each y ∈ Y −x . Switch at every vertex in Y −x and
denote the resulting pair obtained from (G, τ) by (G1, τ1). Then (G1, στ1) is equivalent to (G, στ )
and τ1 is an orientation of (G1, στ1). Since ∂(τ, f)(y) = 0 for y ∈ Y −x , it is easy to see that the triple
(G1, τ1, f) also satisfies (S1)∼(S4). Moreover, by the definitions of Y +x and Y −x , (G1, τ1) contains a
positive dipath from x to y for every y ∈ Yx. Without loss of generality, we can assume
Y −x = ∅ and Yx = Y +x , (1)
and consider (G1, τ1, f) = (G, τ, f). Then the following claim holds.
Claim 4. For every y ∈ Yx, (G, τ) contains a positive dipath from x to y.
Claim 5. (G[Yx], τ) contains a tadpole with tail end x (see Definition 3.7).
Proof. By Observation 3.10, there is a sink tx of (τ, f) such that (G, τ) contains an all-positive
dipath from x to tx. Note that (τ, f) contains no sink vertices by Claim 1. Hence tx must be a sink
edge, say tx = u
′u′′. Let P ′x be the all-positive dipath from x to u
′. Then u′ ∈ Yx, tx /∈ E(P ′x),
and P ′x + tx is a negative dipath from x to u
′′ since tx is a sink edge. Thus u′′ ∈ Yx = Y +x (by
Equation (1)).
This implies that (G[Yx], τ) has a positive dipath from x to u
′′. Let P ′′x = xe1x1 · · · et−1xt−1etxt
(xt = u
′′) be a positive dipath from x to u′′ in (G[Yx], τ). Then tx /∈ E(P ′′x ) since tx is a sink edge.
If E(P ′x)∩E(P ′′x ) = ∅, then P ′x + tx +P ′′x is a tailless tadpole with tail end x. If E(P ′x)∩E(P ′′x ) 6= ∅,
then let s be the maximum index in {1, 2, . . . , t} such that es ∈ E(P ′x). Thus P ′x + tx + P ′′x (xs, u′′)
is a tadpole with tail end x, where P ′′x (xs, u
′′) is the segment of P ′′x from xs to u
′′.
By Claim 5, let Px+Cx be a tadpole with tail end x in (G[Yx], τ). Here, Px is an all-positive dipath
from x to a vertex, denoted by yx, Cx is a closed negative ditrail from yx to yx and V (Px)∩V (Cx) =
{yx}. Note that it is possible that Px is the single vertex x.
Claim 6. ∂(τ, f)(x) = k and if yx 6= x, then ∂(τ, f)(yx) = 0.
Proof. Suppose to the contrary ∂(τ, f)(x) 6= k. Then ∂(τ, f)(x) ≥ 2k since x is a source vertex and
∂(τ, f)(x) = µk for some positive integer µ.
If ∂(τ, f)(yx) = 0, then yx 6= x, so |E(Px)| ≥ 1. We can check easily that the new triple
(G, τ
E˜(Px)
, f
E˜(Px)
) satisfies (S1)∼(S3) and the set of source vertices is X ∪ {yx}, a contradiction to
(S4).
If ∂(τ, f)(yx) 6= 0, since Px + Cx is a negative ditrail from x to yx, the new triple (G, τE˜′ , fE˜′)
(where E′ = E(Px + Cx)) satisfies (S1) and (S2). However, the total sum of boundaries is reduced
by 2k. This contradicts (S3) and so the claim holds. Therefore ∂(τ, f)(x) = k.
Now assume yx 6= x. Since Px + Cx is a negative ditrail from x to yx, by Claim 3, yx /∈ X and
thus ∂(τ, f)(yx) = 0.
For the sake of convenience, let (G, τ
E˜(Px)
, f
E˜(Px)
) = (G, τx, fx) and let X
′ be the set of source
vertices of (τx, fx).
Claim 7. The following statements for (G, τx, fx) are true.
(a) Cx is a tailless tadpole with tail end yx in (G, τx);
(b) X ′ = (X \ {x}) ∪ {yx};
(c) (G, τx, fx) satisfies (S1)∼(S4).
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Proof. The statement (a) is trivial since E(Cx) ∩ E(Px) = ∅ and Cx is a tailless tadpole with tail
end yx in (G, τ). Now we show the statements (b) and (c). In fact, if yx = x, then X
′ = X and
(τx, fx) = (τ, f), and thus both (b) and (c) are trivial; if yx 6= x, then by Claim 6, we can also check
directly that both (b) and (c) hold.
Similar to Claims 1 and 3, it follows from Claim 7-(c) that (τx, f) contains no sink vertices and
(G, τx) contains no negative ditrails between two distinct vertices of X
′.
Claim 8. For every x′ ∈ X ′ \ {yx}, (G, τx) contains no dipath from x′ to Cx.
Proof. Suppose to the contrary that P is a dipath from x′ to y with V (P ) ∩ V (Cx) = {y} in
(G, τx). Since Cx is a closed negative ditrail from yx to yx (by Claim 7-(a)) and y ∈ V (Cx), Cx
can be decomposed into two edge-disjoint ditrails from yx to y, denoted by C1 and C2. Since Cx is
negative, one of C1 and C2 is positive and the other one is negative. Thus either P +C1 or P +C2 is
a negative dipath from x′ to yx. This contradicts that (G, τx) contains no negative ditrails between
two distinct vertices of X ′.
Claim 9. X = {x}.
Proof. Suppose to the contrary x′ ∈ X \ {x}. Then x′ ∈ X ′ \ {yx} by Claim 7-(b). Let
Yx′ = {y ∈ V (G) : (G, τx) contains a dipath from x′ to y}.
By Claim 8, Yx′∩V (Cx) = ∅. Note that (G, τx, fx) satisfies (S1)∼(S4) by Claim 7-(c). Similar to the
discussion in Claims 4 and 5, (G[Yx′ ], τx) contains a tadpole with tail end x
′. By the definition, there
is an unbalanced circuit, denoted by Cx′ , in this tadpole. Since (G, σ) contains no long barbells,
V (Cx) ∩ V (Cx′) 6= ∅, so Yx′ ∩ V (Cx) 6= ∅. This contradicts Yx′ ∩ V (Cx) = ∅.
Final step. By Claim 9, X = {x}. By Claim 6, ∂(τ, f)(x) = k which is an odd number. Since
the boundary of every negative edge is an even number, the total sum of the boundaries of (τ, f)
on V (G) ∪ E(G) must be odd since x is the only source/sink vertex with an odd boundary. This
contradicts Observation 3.9. Hence the proof of Theorem 3.5 is complete. 
There are precisely two abelian groups of order 4, namely the Klein Four Group K4 and the cyclic
group Z4. Clearly, the elements of the Klein Four Group are self-inverse and therefore, a signed cubic
graph G has a nowhere-zero K4-flow if and only if G is 3-edge-colorable. We will show that this
is also true for signed graphs without long barbells which admit a nowhere-zero Z4-flow. We will
apply a result of Macˇajova and Sˇkoviera. A signed graph (G, σ) is antibalanced if it is equivalent to
a signed graph (G, σ′) with EN (G, σ′) = E(G).
Theorem 3.12. (Macˇajova and Sˇkoviera [10]) A signed cubic graph admits a nowhere-zero Z4-flow
if and only if it admits an antibalanced 2-factor.
Theorem 3.13. Let (G, σ) be a flow-admissible signed cubic graph. If (G, σ) contains no long
barbells, then (G, σ) admits a nowhere-zero Z4-flow if and only if it is 3-edge-colorable.
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Proof. First assume that (G, σ) admits a nowhere-zero Z4-flow. By Theorem 3.12, (G, σ) has an
antibalanced 2-factor F . Since (G, σ) contains no long barbells and ∑C∈F |V (C)| = |V (G)| ≡ 0
(mod 2), it follows that that every circuit of F is of even length, so (G, σ) is 3-edge-colorable.
Now assume that G is 3-edge-colorable. Then E(G) can be decomposed into three edge-disjoint
1-factors M1,M2 and M3. Without loss of generality, assume |M1 ∩ EN (G, σ)| ≡ |M2 ∩ EN (G, σ)|
(mod 2). Let C = M1 ∪M2. Clearly, C is a 2-factor of G.
Since |E(C)∩EN (G, σ)| = |M1 ∩EN (G, σ)|+ |M2 ∩EN (G, σ)| ≡ 0 (mod 2), C contains an even
number n of unbalanced circuits. Since (G, σ) contains no long barbells, it follows n = 0. This
implies that each component of C is a balanced circuit with even length and thus is antibalanced.
By Theorem 3.12, (G, σ) admits a nowhere-zero Z4-flow.
Theorem 3.4 doesn’t hold for k = 4. There is a signed W5 which has a nowhere-zero Z4-flow but
doesn’t have a nowhere-zero 4-flow (see [3]).
However, we don’t know whether Theorem 3.5 can be extended to all even positive integers k ≥ 6.
Problem 3.14. Let k ≥ 6 be an even integer and (G, σ) be a signed graph with a nowhere-zero
Zk-flow (τ, f1). If (G, σ) contains no long barbells, does there exist a nowhere-zero k-flow (τ, f2)
such that
f1(e) ≡ f2(e) (mod k).
4 Circuit decomposition and sum of 2-flows
The following theorem is well-known for unsigned graphs.
Theorem 4.1. Every eulerian unsigned graph has a circuit decomposition.
Theorem 4.1 for unsigned graphs is extended to the class of signed graphs without long barbells.
Theorem 4.2. Let (G, σ) be a flow-admissible signed eulerian graph with |EN (G, σ)| even. If (G, σ)
contains no long barbells, then (G, σ) has a decomposition C such that each member of C is either a
balanced circuit or a short barbell.
Proof. Suppose to the contrary that (G, σ) is a counterexample. Since (G, σ) is a signed eulerian
graph, it has a decomposition C = {C1, . . . , Ch, Ch+1, . . . , Ch+m, Ch+m+1, . . . , Ch+m+n}, where h,m
and n are three non-negative integers, and Ci is an balanced circuit if i ∈ {1, . . . , h}, a short barbell
if i ∈ {h + 1, . . . , h + m}, and a unbalanced circuit otherwise. We choose such a decomposition
that h + m is as large as possible. Then n 6= 0. Furthermore, n ≥ 2 is even since |EN (G, σ)| ≡
|EN (Ci, σ|E(Ci))| ≡ 0 (mod 2) for each i ∈ {1, . . . , h + m}. Since (G, σ) contains no long barbells,
it also contains no vertex disjoint unbalanced circuits, and thus, Ch+m+1 and Ch+m+2 have at least
two common vertices. Let x1 and x2 be two common vertices of Ch+m+1 and Ch+m+2 such that
Ch+m+1 has a path P1 from x1 to x2 containing no vertex of Ch+m+2 as internal vertex. Let P2
and P3 be the two paths from x1 to x2 in Ch+m+2. Since Ch+m+2 is an unbalanced circuit, there is
exact one of P2 and P3, say P2, such that |EN (P1)| ≡ |EN (P2)| (mod 2), so P1 + P2 is a balanced
circuit of (G \ ∪h+mi=1 E(Ci)). This contradicts the choice of C.
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Next we are going to study the decomposition of nowhere-zero k-flows into elementary 2-flows.
One of the basic theorems in flow theory for unsigned graphs is Theorem 1.3. The next theorem
extends this result to the class of signed graphs without long barbells.
Theorem 4.3. Let (G, σ) be a signed graph without long barbells and (τ, f) be a non-negative k-flow
of (G, σ) where k ≥ 2. Then
(τ, f) =
k−1∑
i=1
(τ, fi),
where each (τ, fi) is a non-negative 2-flow.
We need some lemmas to prove Theorem 4.3.
Lemma 4.4. Let (G, σ) be a signed graph and (τ, f) be a k-flow of (G, σ). Then the total number
of negative edges with odd flow values is even.
Proof. Denote F = {e ∈ EN (G, σ) : f(e) is odd}. By Observation 3.9,
∑
e∈EN (G,σ)(−2τ(h))f(e) =
0, and thus
∑
e∈EN (G,σ) τ(h)f(e) = 0, where h is a half-edge of e. Thus |F | ≡
∑
e∈F τ(h)f(e) ≡ 0
(mod 2).
Theorem 4.5. (Xu and Zhang [22]) A signed graph (G, σ) admits a nowhere-zero 2-flow if and only
if each component of (G, σ) is eulerian and has an even number of negative edges.
Lemma 4.6. Let (G, σ) be a signed graph without long barbells and (τ, f) be a k-flow of (G, σ).
Let (Q, σ|E(Q)) be the subgraph of (G, σ) induced by the edges of {e : f(e) ≡ 1 (mod 2)}. Then
every component of (Q, σ|E(Q)) has an even number of negative edges and thus (Q, σ|E(Q)) admits
a nowhere-zero 2-flow.
Proof. Obviously, (Q, σ|E(Q)) is an even subgraph of (G, σ). By Lemma 4.4, (Q, σ|E(Q)) has an even
number of negative edges and thus the number of components of (Q, σ|E(Q)) with an odd number of
negative edges is even. By Theorem 4.5, if a component of (Q, σ|E(Q)) has an odd number of negative
edges, then it is unbalanced. Thus (Q, σ|E(Q)) has an even number of unbalanced components. Since
(G, σ) contains no long barbells, (Q, σ|E(Q)) doesn’t contain two vertex-disjoint unbalanced circuits.
Therefore, each component of (Q, σ|E(Q)) is balanced and thus by Theorem 4.5 again, it admits a
nowhere-zero 2-flow.
Now we are ready to prove Theorem 4.3.
Proof of Theorem 4.3. Prove by induction on k. It is trivial if k = 2. Now assume that the
theorem is true for all t ≤ k − 1. Let (τ, f) be a non-negative k-flow of (G, σ). For convenience,
every flow is a flow of (G, σ) under the orientation τ in the following.
We first consider the case when k is odd. Let (Q, σ|E(Q)) be the subgraph of (G, σ) induced by
the edges of {e : f(e) ≡ 1 (mod 2)}. By Lemma 4.6, (G, σ) admits a 2-flow g with supp(g) = E(Q).
Then each
g1 =
f + g
2
, and g2 =
f − g
2
is a non-negative (k−12 + 1)-flows. By induction hypothesis, each gi is the sum of
k−1
2 non-negative
2-flows. Thus f = g1 + g2 is the sum of k − 1 non-negative 2-flows.
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Now assume that k is even. Then k − 1 is odd. Consider f as a modulo (k − 1)-flow. Then by
Theorem 3.5, (G, τ) has a (k− 1)-flow g such that f(e) ≡ g(e) (mod k) for each edge e ∈ E(G) and
supp(g) = supp(f) \ {e ∈ E(G) : f(e) = k− 1}. Since 1 ≤ f(e) ≤ k− 1 and −(k− 2) ≤ g(e) ≤ k− 2,
(f−g)(e) = 0, or k−1 for every edge and {e ∈ E(G) : f(e) = k−1} ⊆ supp(f−g). Thus f1 = f−gk−1 is
a non-negative 2-flow with {e ∈ E(G) : f(e) = k−1} ⊆ supp(f1). Therefore f −f1 is a non-negative
(k − 1)-flow. By induction hypothesis, f − f1 is the sum of k − 2 non-negative 2-flows. Together
with f1, f can be expressed as the sum of k − 1 non-negative 2-flows. This completes the proof of
the theorem. 
5 Integer and circular flow numbers
As mentioned in the introduction, Φi(H) = dΦc(H)e holds for each unsigned graph H (Goddyn et
al. [2]) but there are signed graphs with Φi(G, σ) − Φc(G, σ) ≥ 1. In this section we study the
circular flow numbers of signed graphs and prove that signed graphs without long barbells behave
like unsigned graphs in this context.
1+ 12 1+
1
2
1
1
1
1 1
1
1 1
1
2
2 2
3 3
1+ 12
1+ 12
1+ 12
1+ 12
Figure 5: A nowhere-zero circular 4-flow of a graph (G, σ) with Φi(G, σ) = 5
Up to today, all examples with the property dΦc(G, σ)e < Φi(G, σ) contain a star-cut. A star-
cut is an induced subgraph S isormorphic to K1,t of G such that every edge of S is an edge-
cut of G. It becomes natural to ask whether for each 2-edge-connected signed graph (G, σ) the
numbers dΦc(G, σ)e and Φi(G, σ) are same. We deny this question by giving an infinite family of
counterexamples.
Proposition 5.1. Let t be a positive integer and Gt be the unsigned graph obtained by identifying t
copies of K4 at a common edge v1v2. Let (G, σ) be the signed graph obtained from Gt by deleting v1v2
and adding two negative loops L1, L2 at v1 and v2, respectively. Then Φc(G, σ) ≤ 3 and Φi(G, σ) ≥ 4.
Proof. Note that it is easy to check that Gt doesn’t admit a nowhere-zero 3-flow but admits a
positive nowhere-zero 4-flow (D, f) with precisely one edge v1v2 with flow value 3.
We first claim that (G, σ) admits a circular nowhere-zero 3-flow. Assume that v1v2 is oriented
away from v1 and toward v2. Orient L1 away from v1 and orient L2 toward v2 and define a mapping
φ on E(G) from f by φ(e) = f(e) for each e /∈ {L1, L2} and φ(L1) = φ(L2) = 1.5. Then φ is a
circular 3-flow of (G, σ), so Φc(G, σ) ≤ 3.
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Now we claim that (G, σ) does not admit a nowhere-zero 3-flow. Suppose to the contrary that
(G, σ) admits a nowhere-zero 3-flow and thus admits a nowhere-zero Z3-flow (τ, g) such that g(e) = 1
for every e ∈ E(G). Since every vertex in V (G) \ {v1, v2} is of degree three in G, every copy of
K4 − v1v2 contributes zero to ∂(τ, g)(vi) for each i ∈ {1, 2}. Thus |∂(τ, g)(vi)| = 2|g(Li)| 6≡ 0
(mod 3), a contradiction.
The following structural lemma is needed in the proofs of Theorems 5.4 and 5.6. Given a circular
(pq + 1)-flow (τ, ψ) of a signed graph (G, σ), let Fψ = {e ∈ E(G) : qψ(e) /∈ Z}.
Lemma 5.2. Let (G, σ) be a signed graph admitting a circular (pq +1)-flow and let (τ, φ) be a circular
(pq + 1)-flow of (G, σ) such that Fφ has minimum cardinality. If Fφ 6= ∅, then
(1) the signed induced graph (G[Fφ], σ|Fφ) consists of a set of vertex-disjoint unbalanced circuits;
(2) for every edge e ∈ E(G) \ Fφ, 2qφ(e) is an even integer, while for every edge e ∈ Fφ, 2qφ(e)
is an odd integer.
Proof. Without loss of generality, we may assume φ(e) > 0 for every edge e ∈ E(G).
I. (G[Fφ], σ|Fφ) contains no signed circuits.
Suppose to the contrary that (G[Fφ], σ|Fφ) contains a signed circuit C. Then (G, σ) admits
an integer 2- or 3-flow (τ, φ1) with supp(φ1) = E(C) (see [1]). Let  = mine∈E(C) min{ 1φ1(e) (
p
q −
φ(e)), 1φ1(e) (φ(e)−1)}. Then both (τ, φ+ φ2) and (τ, φ− φ2) are circular (
p
q + 1)-flows and at least
one of Fφ+φ2 and Fφ−φ2 is a proper subset of Fφ, contradicting the choice of φ.
II. G[Fφ] is 2-regular.
It is easy to see that the minimum degree δ(G[Fφ]) ≥ 2 since (τ, qφ) is a flow with integer value
in E(G) \ Fφ and non-integer value only in Fφ.
Suppose that Q is a component of G[Fφ] with maximum degree ∆(Q) ≥ 3. Then Q must contain
at least two distinct circuits C1 and C2, otherwise Q itself is a circuit. By I, both C1 and C2 are
unbalanced. Hence, one may find either a balanced circuit or a short barbell if C1 and C2 intersect
each other, or a long barbell if C1 and C2 are vertex-disjoint, contradicting I.
Obviously, (1) is a corollary of I and II. To prove (2), let e ∈ E(G). Since qφ(e) is not an integer
if and only if e ∈ Fφ, 2qφ(e) is an even integer if e ∈ E(G)\Fφ. Assume e ∈ Fφ below. By (1), let C
be the unbalanced circuit in (G[Fφ], σ|Fφ) containing e. Without loss of generality, further assume
that e is the unique negative edge of C after switching. Hence, by (1) again,
|2qφ(e)| ≡ |
∑
v∈V (C)
∂(τ, qφ)(v)| ≡ 0 (mod 1).
Thus 2qφ(e) is an odd integer since qφ(e) is not an integer. This completes the proof of the lemma.
Definition 5.3. Let µ be a positive integer. A signed graph (G, σ) is 1µq -flow-normalizable if it
admits a circular pq -flow with rational flow values in {1, 1 + 1µq , 1 + 2µq , . . . , pq − 1 − 1µq , pq − 1}
whenever it admits a circular pq -flow with real flow values in [1,
p
q − 1]. By Gµ we denote the family
of signed graphs which are 1µq -flow-normalizable.
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For unsigned graphs we have G1 = Gµ = {G : G is a bridgeless graph} for each µ ≥ 2 (see [17]).
However, for general signed graphs this does not hold. As an example we refer to the graph depicted
in Figure 5 with Φc(G, σ) = 4 where it is easy to see that every circular 4-flow must contain an edge
with flow value 1 + 12 .
The following theorem is a direct corollary of Lemma 5.2-(2) and the definition of G2.
Theorem 5.4. A signed graph (G, σ) is flow-admissible if and only if (G, σ) ∈ G2.
The following lemma gives some sufficient conditions for dΦc(G, σ)e = Φi(G, σ).
Lemma 5.5. Let (G, σ) ∈ G1. Then dΦc(G, σ)e = Φi(G, σ).
Proof. Let (G, σ) ∈ G1 with a circular pq -flow (τ, f). Let k = dpq e. Since (τ, f) can also be considered
as a circular k1 -flow, by Definition 5.3, (G, σ) admits a circular
k
1 -flow (τ, f
′) with rational flow values
in {1, 1 + 11 , 1 + 21 , . . . , k − 1− 11 , k − 1}. Obviously, (τ, f ′) is a nowhere-zero k-flow.
Theorem 5.6. Let (G, σ) be a signed graph containing no long barbells. Then (G, σ) ∈ G1 and thus
dΦc(G, σ)e = Φi(G, σ).
Proof. Suppose that (G, σ) admits a circular (pq +1)-flow. Without loss of generality, assume that G
is connected. We choose a circular (pq+1)-flow (τ, φ) of (G, σ) such that Fφ = {e ∈ E(G) : qφ(e) /∈ Z}
has minimum cardinality. If Fφ = ∅, then (G, σ) ∈ G1 by the definition of G1.
Now assume Fφ 6= ∅. Then by Lemma 5.2-(1), G[Fφ] consists of a set of vertex-disjoint unbalanced
circuits. Since G is connected and (G, σ) has no long barbells, (G, σ) doesn’t contain two vertex-
disjoint unbalanced circuits. Thus (G[Fφ], σ|Fφ) is an unbalanced circuit. By switching, we may
assume that G[Fφ] is an unbalanced circuit with precisely one negative edge, denoted by e0.
Since (τ, φ) is a circular flow of (G, σ), so does (τ, qφ). By Observation 3.9, the total sum of the
boundaries on E(G) is zero for (τ, qφ). By Lemma 5.2-(2),
0 =
∑
e∈E(G)
∂(τ, qφ)(e) ≡
∑
e∈EN (G,σ)∩Fφ
2qφ(e) ≡ 2qφ(e0) ≡ 1 (mod 2).
This contradiction completes the proof of the theorem.
Acknowledgement. We thank Prof. Jiaao Li for providing an example to show that Theorem 3.4
doesn’t hold for k = 4.
References
[1] A. Bouchet, Nowhere-zero integral flows on bidirected graph, J. Combin. Theory Ser. B, 34
(1983) 279-292.
[2] L.A. Goddyn, M. Tarsi and C.-Q. Zhang, On (k, d)-colorings and fractional nowhere zero flows,
J. Graph Theory, 28 (1998) 155-161.
[3] L. Hu and X. Li, Nowhere-Zero Flows on Signed Wheels and Signed Fans, Bull. Malays. Math.
Sci. Soc. 41 (2018) 1697?1709.
15
[4] F. Jaeger, Flows and generalized coloring theorems in graphs, J. Combin. Theory Ser. B, 26
(1979) 205-216.
[5] T. Kaiser, E. Rollova´, Nowhere-zero flows in signed series-parallel graphs, SIAM J. Discrete
Math. 30(2) (2016) 1248–1258.
[6] A. Khelladi, Nowhere-zero integral chains and flows in bidirected graphs, J. Combin. Theory
Ser. B, 43 (1987) 95-115.
[7] H. C. Little, W. T. Tutte and D. H. Younger, A theorem on integer flows, Ars Combin., 26A
(1988) 109-112.
[8] Y. Lu, R. Luo and C.-Q. Zhang, Multiple weak 2-linkage and its applications on integer flows
on signed graphs, European J. Combin., 69 (2018) 36-48.
[9] L. Lova´sz, C. Thomassen, Y.Z Wu and C.-Q. Zhang, Nowhere-zero 3-flows and modulo k-
orientations, J. Combin. Theory Ser. B, 103 (5) (2013) 587-598.
[10] E. Macˇajova and M. Sˇkoviera, Remarks on nowhere-zero flows in signed cubic graphs, Discrete
Math., 338 (2015) 809-815.
[11] E. Ma´cˇajova´, E. Rollova´, Nowhere-zero flows on signed complete and complete bipartite graphs,
J. Graph Theory 78 (2015) 108–130.
[12] E. Macˇajova and E. Steffen, The difference between the circular and the integer flow number
of bidirected graphs, Discrete Math., 7 (2015) 866-867.
[13] A. Raspaud and X. Zhu, Circular flow on signed graphs, J. Combin. Theory Ser. B, 101 (2011)
464-479.
[14] E. Rollova´, M. Schubert, E. Steffen, Signed graphs with two negative edges, Electronic J. of
Combinatorics 25(2) (2018) #P2.40
[15] M. Schubert and E. Steffen, Nowhere-zero flows on signed regular graphs, European J. Combin.,
48 (2015) 34-47.
[16] P.D. Seymour, Nowhere-zero 6-flows, J. Combin. Theory Ser. B, 30 (1981) 130-135.
[17] E. Steffen, Circular flow numbers of regular multigraphs, J. Graph Theory, 36 (2001) 24-34.
[18] C. Thomassen, The weak 3-flow conjecture and the weak circular flow conjecture, J. Combin.
Theory Ser. B, 102 (2012) 521-529.
[19] W.T. Tutte, The factorization of linear graphs, J. London Math. Soc., 22 (1947) 107-111.
[20] W.T. Tutte, A contribution to the theory of chromatic polynomials, Canad. J. Math., 6 (1954)
80-91.
[21] X. Wang, Y. Lu, C.-Q. Zhang and S.G. Zhang, Six-flows on almost balanced signed graphs,
preprint
16
[22] R. Xu and C.-Q. Zhang, On flows of bidirected graphs, Discrete Math., 299 (2005) 335-343.
[23] D.H. Younger, Integer flows, J. Graph Theory, 7 (1983) 349-357.
17
